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In this paper, develop new statistical distribution From within the continuous
distributions based on the Hybrid Weibull-G family and the Frechet distribution,
called the Hybrid Weibull Frechet. This development comes by adding two new
parameters to the basic distributions in order to give more flexibility and suitability to
the basic Frechet distribution for reading and modeling real-world data. Also present
the basic functions of the new distribution (pdf, CDF). In addition, the paper will
present an expansion of these functions and an expansion of the powers on which a
number of statistical properties of the two proposed distributions will be built, such as
the moments function, Incomplete Moments, Probability Weighted Moments, the
survival function, the quantity function, and four types of entropy and disparity
measures that represent a small number of... Numerous mathematical and statistical
features of the developed distribution. A parameters were also estimated using the
MLE. In order to obtain a distribution characterized by high flexibility to match
different types of real data, a simulation was conducted to demonstrate the efficiency
of estimating the unknown parameters of the new distribution using the maximum
likelihood method. In addition, each distribution was tested on two types of real data
of different sizes. The proposed new distribution proved highly flexible for the data
when compared to other distributions through the use of some statistical standards
such as AIC, BIC, CAIC, and HQIC. The results obtained showed the extent of
flexibility and accuracy that supports what was discussed in the theoretical aspect.

1. Introduction

excellent practicability for data modelling.

Over the past few decades, a variety of
classical distributions have emerged and have
been widely used to model data in a variety of
fields, including engineering, innovative,
environmental, medical, biological and
demographic  studies,  economics, and
insurance. However, there is clear demand for
extended versions of these distributions in a
number of practical areas, including life
analysis and insurance. For this reason, there
are a number of techniques for creating new
families of studied distributions. There have
been some attempts to create new families of
probability distributions that extend known
families of distributions while providing

When working with traditional statistical
distributions, such as normal, exponential, or
other distributions, we may encounter some
problems in specific applications. One such
problem is our inability to effectively account
for abnormal or asymmetric data. In many
practical cases, data analysis with unusually
shaped distributions is required. For example,
we may encounter data that shows extreme left
or extreme right distributions, where values are
highly concentrated at one extreme. Or we may
encounter unevenly distributed data restricted
to specific values, such as temporal data, which
requires dealing with recent distributions. In
order to solve this problem, new families of
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statistical distributions are created with
different representativeness or distribution.
Properties that fit the non-traditional data must
be developed and used. Therefore, researchers
have recently focused greatly on generalizing
and studying classical distributions, and
investigating their flexibility and applicability.
It was found that these new composite
distributions, in their improved form, are
suitable for applications, compared to the usual
classical survival models, which are obtained
by introducing one or more additional shape
parameters to the original distribution.

One of these attempts to create
families of continuous distributions was
presented by researcher Alzaatreh in 2013,
where he developed a new method to find the
family CDF function in the form [1]:

FGOD)
F(x;{) = f
0

twdu (1)
With three conditions for function F(G(x;{)),
where G (x; ¢) is CDF of a new family, ¢(u) is pdf
random variable u € [a, b].

According to the above principle, many
researchers  have  developed  functions
F(G(x;{)), and there are many examples of
these functions, including, for example: in
2012 Alexander introduced the Mc-G family
and established a new F(G(x;({)) function [2],
also Risti’c introduced Gamma-G [3], Alzaghal
introduced Exponented T-X [4], Torabi in 2014
introduced The logistic-uniform distribution [5],

_ G(x; )
fuwe (%, k,¢,0) = ke g(x;{) =60

x [-G(x;0).log(1 — G(x; )]

Where G(x;¢) is baseline distribution, x > 0,
and k,c >0

The study aims to find a new continuous
statistical distribution with four parameters,
while finding a number of statistical
characteristics of the developed distribution to
obtain a flexible distribution with real data,
with a practical application on two different

Tahir introduced OGE-G family [6], Ahmad
introduced Weibull-X [7], and Nouri and others
presented a new integration limit that satisfies the
conditions [8]:

a  —log(1-6(x0)
[a,b],—oo <a<b<ow

b. —log(1-G(xQ)

is differentiable and monotonically non-

G(x;0)
€

G(x;0)

M)

decreasing

c. —log(1-6(x0)

0,as x - 0, and

— log(1-6(x D)

Using the terms mentioned above, quite a few
families of continuous distributions were
found, including, for example: Gompertz-G
family by [9], MOTL-G family by [10],
APRAY-G by [11], THEHL-Gom-TL-G by
[12], Topp—Leone family [13], and Marshal-
Olkin transformation family [14].

Depending on the integration term [8] and
the pdf function and the Weibull distribution,
the CDF function of the HWG family with
parameters k and c is obtained in the form
[15]:

FHWG (X, k, (o {)
—1_ e(—k[—G(x;().log(l—G(x;())]C) @)

While pdf function of the HWG family is
obtained in the form:

G(x;0)
-

G(x;9)

- 1,asx > o

—log(1 -6 Q)
e(_k[—c(x;c).log(l-“x@ )

@)

types of data to confirm the flexibility and
suitability of the developed distribution.

The study included five sections, where the
first section included the new developed
distribution, while the second section included
proving many of the statistical properties of the
distribution  while drawing the basic
distribution functions with different values of
the parameters, while the third section included
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estimating the distribution parameters using the
maximum likelihood method, and in the fourth
section a simulation was presented using the
Monte Carlo method, was estimates parameters
using the maximum likelihood method. The
2. Hybrid Weibull Frechet (HWFr)
distribution

The CDF and pdf functions of the

Frechet distribution with two parameters a and
b are respectively given by the formulas:

ba
G(x,a,b) = e_(x_a), x>0 (4)
ba
g(x,a,b) = abax_(a“)e_(x_“), x>0 O

fifth and final section includes a practical
application to two types of real data and
comparison with some known and new
distributions.

The CDF distribution function for the four-
parameter Hybrid Weibull Frechet (HWFR)
distribution may be found by substituting Eq(5)
into Eq(3), and the pdf distribution can be
obtained by substituting Eq(6) into Eq(4).
Consequently, we get the following functions
for the CDF and pdf HWFr distributions,
respectively:

(—k —e_<2_z>.log<1—e_<z_z)>}c> (6)
Fuwer(x) =1—e , x,k,c,a,b>0

(b
fuwrr(x) = kc abax—(a+1)e—(z—a) <x )
1-— e_(x_a

X

) g (1_e<22>>]“;(k[e

(=)

(")
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Figure 1. pdf of HWFr distribution
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Figure 2. CDF of HWFr distribution
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The curves of the CDF function shown in
the previous figure follow the rules set out in
the CDF function standard and are in the value
range of 0 to 1. At different heights, the picture
above shows that some HWFr distribution pdf
function shapes are skewed to the right and
others are skewed to the left. This means that
the new distribution can understand a lot of
different types of data.

Figure 1 shows that classical Fréchet
distribution has a single shape (a single curve
with a heavy right tail), while HWFr is more
flexible due to addition of two new Weibull
parameters (k, c), resulting in multiple shapes
(such as right- or left skewed curves or
multiple peaks) this makes HWFr more capable
of representing complex real-world data. While
figure 2 shows classical Fréchet CDF based on

) "
h()gwer = ke abax‘(a“)e_(z_z) e‘(xa)
1 e_(x_“

(o)

only two parameters (a, b) , the HWFr CDF is
affected by parameters, making it more
accurate in describing data with asymmetric or
extreme characteristics.

3. Mathematical Properties for HWFr
distribution
3.1 Survival, hazard, and odd functions

The survival function is defined as the
probability that the system will not fail after a
period of time. The survival function for the
HWEFr distribution is obtained by the following
relationship [17]:

S () = <k[(_)’<(_))]) ®

The hazard function has great importance in
many fields, such as various sciences and
engineering and its departments, especially
with regard to life issues. Therefore, many
researchers have focused their attention on the
hazard function and finding statistical
distributions with different shapes for that
function, and therefore it can be obtained for
the HWFr distribution in the form [18]:

9)

X :_e—(ﬁ—Z)_ log <1 — e‘(%))]c_l

=

Survival
0.4
| |

0.0
|

Figure 3. Survival functions for HWFr distribution
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Figure 4. Hazard functions for HWFr distribution

Figure 3 illustrates the probability of
values remaining above a specified values
(used in survival analysis). For HWFr, the
probability of values decreasing at different
rates depending on the parameter values, while
for classic Fréchet the decline is relatively
constant. Figure 4 measures the instantaneous

H(_k () log<1 ‘ (25)>]C>

failure rate. Note the classic Fréchet has a
constant or increasing hazard function, while
HWEFr can have more varied shapes (such as an
inverted it suitable for data with different
failure patterns.

The odd function for the HWFr
distribution can be obtained in the form:

(10)

Owrr (x) =| e (%) -(%))||
|capesne L_ﬁ l"“"(“’ ’ )J
X _e—(i—Z)_ log <1 —~ e_(’lz_z)>]1_c

3.2 Useful representations pdf and cdf of

HWFr distribution

The objective of this part is to enhance and
broaden the PDF function of the proposed
distribution HWFr. This involves representing
Eq(7) using both exponential function
expansion and binomial expansion. This is
done in consideration of the role played by the
CDF distribution function, which is as follows
form:

ba
FHWFT (x' k' ¢a, b) =1- Ee_x_a(l+pc) (11)

Where
o (- 1)p(c+1)+u+l

E = Xpi0 =020 py kP ()

Regarding the extensmn of the (CDF)?
indicated by the equation below:
Fhwr (x)

[

Using the expansions used to expand the CDF
function, the (CDF)? function is obtained in the
form:

bt
Fiwe,(x, k,c,a,b) = Ke xalictD (13)

where

K =
i(c+)+u+l , ,

o Mo N0 2k e (")

To enlarge the probability density function
(pdf) of the HWFr distribution, we can utilise
Eq(8) in the following manner: By employing
the binomial series expansion and logarithm
expansion. Then the last form for pdf of HWFr
distribution get it using the formula:

N
—(a+1) Fe—(l+pc+v+2€+})x—a

f i () = x
P (14)
_ Me—(l+pc+v+2¢+z)x—a]

where
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XX X 22 —1)PctD+utitvte-1 u+c
F:;;;;;( ) — dcpjudc_llvkp+lcaba< l P)
fouwe (i k¢ a,b)
:{ni _ (x_(a+1) [Fe—(l+pc+v+26+j)z—z
B0 Ko N0 B0 N0 T oty kP eab® ()

p!

Using the expansions used to expand the pdf
function, the f2, function is obtained by
using Eq(15) in the form:

z

_ 4 —(5l46pc+Su+52c+67-m2) e
fZWFr(x) . §(a+1) Z(_l)m (m) EMe (81+6pc+8v+62c+6z mz)x
m=0

3.3 Quantile function

The Quantile function is the inverse of the
CDF function in Eq(7). It is employed to
determine the median, skewness, and kurtosis

pe )
Me—(l+pc+v+26+z)x—a] )

Finally we get:

a

(15)

for distributions with significant skewness or
lacking moments. Additionally, it enables the
generation of random numbers for data in

simulation studies. It is known as the equation:
1

/ C’— In(1 —uw) \ ¢
x=b|—In| k | (16)
cl— _ cl_— _ ¢l—In(1—u
\ / 1n(]1c w W, <_ / 1n(l1C W, / G ))/
] 1
a
/ c[—In(1 —u) \
x=b|—In k ey (7
c —ln(i—u)+W_1 <_cf—ln(llc—u)e = )
Table.1 explains the Quantiles for selected parameter values of the HWFr distribution.
U (k,c,b,a)
(1.3,0.7,1.2,0.4) (2,2.3,0.7,1.3) (1.3,0.3,1.3,0.7) (0.7,3,1.8,0.3) (1.1,4.31.1,1.2)
0.1 0.2622 0.8437 0.1678 15.5798 1.9901
0.2 0.5846 0.9750 0.2771 29.9030 2.2366
0.3 1.1142 1.0800 0.4256 47.2891 2.4210
0.4 2.0474 1.1768 0.6575 69.3253 2.5821
0.5 3.8415 1.2733 1.0764 98.3356 2.7349
0.6 7.7644 1.3759 2.0105 138.4063 2.8894
0.7 18.3409 1.4926 5.0665 197.8336 3.0564
0.8 60.5648 1.6388 30.9003 297.3208 3.2535
0.9 519.0596 1.8602 19487.3535 513.8483 3.5295

The results from table 1 show that the
Quantile values increase with increasing value
of the parameter u (from 0.1 to 0.9), reflecting
the behaviour of the distribution as the
parameters of the distribution as the parameters
change. When the parameters are (k = 1.3,
c=0.7, b =12, a = 0.4), the quantile value

c\/m

at u = 0.5 the median is 3.8415, while in the
classical Fréchet it will be lower due to lack of
elasticity.

The Median of HWFr distribution can
be finding if we but u = 0.5 in equation (17)
we get the form:

(18)

Median = b|—1n
¢/—1n(0.5)

T + W_

[

1

3.4 Moments

k
c[— ¢|—=1n(0.5)
B / 1nlgo.5)e /T>

Moments play a crucial role in determining
the mean, variance, skewness, and kurtosis of a
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probability distribution. The n"* moments of
the HWFr distribution can be obtained through
the equation [18],[19]:

p‘n = E(xn)OLOG = f xanWFr(x)dx
0

By substitution equation(15) in above

equation we get:

[oe]

bll
—a- ~(+petvi2e+))—
M, = E(M)oLoc = f x"et [Fe (Hpetvized/)a

0

ba
_ Me—(l+pc+v+26+z)x—a] dx

[oe]

bll
—a—1_—(+pc+v+2c+)) 2
w, = EGM) o0 = j Exa1, (l+pc+v+2c ])xadx

0
(o)
ba
_fMxn_a_le—(l+pc+v+2c+z)x—adx
0

Let,8=(l+pc+v+2c+j)z—zzx“=

1

be(l+pc+v+2c+j) __ b(l+pc+v+2c+j)a
2 _rpervract) = e

=dx =
B BE

1 (1+a)

—S(l+pc+v+2c+j)Eﬁ_Td,8

Letr=(l+pc+v+2c+z)i—azx“=

1
b(l+pc+v+2c+z)a
X = —p T —1 dx =

Ta

b (l+pc+v+2c+z)
T

1 (1+a)

—S(l+pc+v+20+z)31_ a dt

M, =

“Qpervrzer)a ! o ot g
Jy B e adp+

a

n

n

Lt
M(l+pc+v+2c+z)a o
——————— [ T ee"dr

a

—F(l + c+v+2c+'g_1 n Ml + c+v+2c‘+zg_1 n
e ZU ) LG " r(-2ha)
a a a a
per(-g+1)
un=—[—F(l+pc+v+ZC+j)a + M+ pc+v+2c+2z)a ] (19)
a
The variance of the HWFr distribution is
obtained by the following formula(o? = p, —
u?), and by using Eq(19)
bZ—aF(_Z+1) E—l E—l
o? =+[—F(l+pc+v+2c+j)a + M +pc+v+2c+2z) ]—
bl_“[‘(—l+1) 1, 1, : 20
%[—F(l+pc+v+26+j)a + M+ pc+v+2c+z)e ]
The skewness (SK) and kurtosis (KU) of
HWEFr distribution are defined by [22],[23]:
—ap(_3
b3+(“+1) —F(l+pc+v+2c‘+j)%_1+M(l+pc+v+2c+z)%_1]
SK= bz—ar(_EH) 2 2 % (21)
(%{—F(l+pc+v+2c+j)a_1+M(l+pc+v+2€+z)5_1]>
—ap(_%
L(“H) —F(l+pc+v+2c+j)%_1+M(l+pc+v+2c+z)g_1]
KU = aa (22)

a

a
b2-ar(-Z41) 2, 2,y
——=—|-F(l+pc+v+2c+j)a “+M(l+pc+v+2c+z)a
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Table 2: Numerical value of u, u,, u,, 1, o2, S, and K of the HWFr distribution

k ¢ b a n, n, u, a* SK KU
0.7 11 1.661728 4.798106 39.01102 4956.31 2.036766  3.711783  215.2875
B 0.3 12 0.650964 0.661066 1.425039 17.86265 0.237312 2.651305 40.87488
Lo 0.7 13 1456806 2.324002 4.039993 7.619372 0.201718 1.140318 1.410737
2> 0.7 14 1378262 2.054942 3.301312 5.694123 0.155336 1.120694  1.348428
0.8 15 156444  3.371826 12.10529 123.7216 0.924353 1.955138 10.88216
B 0.8 1.6 1.487949 291341  8.643964 56.02661 0.699418 1.738243 6.600717
L3 0.9 1.7 1614913 2763094 4.99754 0.534654  0.15515 1.088085 1.24886
2> 09 18 1560901 2565588 4.432025 8.032178 0.129176 1.078504 1.22028

The moment generating function (mgf) of
HWEFr distribution can be founded by using the
equation [20],[21]:

[oe]

Mx(y)HWFr = E(e) = _[ eyfoWFr(x' k,c,a,b)dx

—00

n,n—a

b r(—ﬁ+1

Used series expansion for e”*
[} yn o3} y

M e = ). ZEGD =) L)
n=0 n! n=0 n!

We but the Eq(19) in above equation we get:

M, (V) pwer = Z;’{’on‘l) [—F(l +pc+v+2c +j)5_1 +M(+pc+v+2c+ Z)E_l] (23)

3.5 Incomplete Moments
The incomplete moments of a random

variable X is given by the formula [25]:

y

1) = [ ¥ FGax

0

Substituting  fywer(x) for the HWFr
distribution From Eq(15) into the previous
equation we get:

y

”T(Y) — fxr—(a+1) [Fe—(l+pc+v+2c+j)i—a
0
a
_ Me—(l+pc+v+2c+z)z—a] dx
y

u() = Ffxr_(‘H'l)e—(l+pc+v+2c+j)z_zdx
,

0

y 42
_ MJxr_(a+1)e—(l+pc+v+26+z)x—adx
0

Let

1
a Na
u=(+pc+v+2c+)) xb—a — x = Dpetvizer))e

ua
fx=0=u=0,ifx=y=u=U+pc+v+2c+

1 (1+a)

a
j)f/—a=>dy= —S(l+pc+v+2c+j)5u_ a du
ny xr_(aﬂ)e_(l+pc+v+26+j)z_2dx —

0

b 1,7—(a+1)
(I+pc+v+2c+j)—g | b(I+pctv+2c+))a —u
ua
1 (1+a)

S(l +pc+v+2c+jau o du
Ffoy xr_(a+1)e—(l+pc+v+2c+j)z—2dx -

r
_ I b%

—Fb" A (l4+pctv+2c+))a * r(l+pctvi2ctf)ry T _

14 J fo J *@y"ade % du

a

b2
ny xr_(a+1)e—(l+pc+v+2c+1)x—adx —
0
)
—Fb" " (l+pc+v+2c+j)a r
a
~ b%
D)

By same way we can find

(r+1,(l+pc+v+2c+
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be pa
M foy xr_(a+1)e—(l+pc+v+20+z)x—adx — Z) ;)
r-a 1
—_ a
Mp (Hpi;ynﬁn r (r +1,(l+pc+v+2c+
_ppr-aga ! b\ —MpTaaT ! be
ur(y)=—F(r+1,Bx—a)+—F(r+1,Ax—a) (24)

WhereB=(l+pc+v+2c+j)£_1,andA=(l+pc+v+2c+z)§_1

3.6 Probability Weighted Moments

We can get the probabilistic weighted
moments of HWFr distribution by using the
following equation [21]:

ths = E(H (X)) = f P F()F () dx

By substitutiném Fiwrr(x,¢c,k,a,b) and
fuwrr(x, ¢, k,a,b) for the HWFr distribution
From Eq(14) and Eq(15) :

pe
—a— —Q2l+pctv+2c+tictj)—g
Th‘s - f xh a—1 [KFe ( 14 ])xa

0 "
—QUH+pc+v+2c+ic+z)—
— KMe~ @+ Z)xa] dx

Th,s

ba
—a—1 —QRUpc+v+2c+ictj)—
h—a—1,~(2l+pe ict)ya g

=KF | x

ba
—a—1 _—Qlpct+v+2c+ic+z)—
h—a-1,~(2l+p Y dx

—KM | x

OOO
0
Lety=(2l+pc+v+2c+ic+j)z—:=>x=

1
b(2l+pc+v+2c+ic+j)a
1

ya

h—ap(_h
- b I’E—a+1
3.7 Disparity Measures

They are statistical instruments used to
determine the extent of the disparity within a
specific distribution. They offer a means to
assess and contrast the level of the disparity

among various datasets.
1. Lorenz Curve
The Lorenz curve of a random variable x is

defined as [26]:

y

1
L) = f xf (O dx

—00

h
)[KF(21+pc+v+ 2c+ic+j)a

b 1 _(1+a)
=>dx=—E(Zl+pc+v+20+ic+j)ay a dy

. ~b%
(o) —_ —
KF fo h_g__1e (21+pc+v+2c+tc+])xa l

1,h—a-1
b(2l+pc+v+2c+ic+j)a —yb
—KF [ ( perrreeTe 1) e V-l +pc+
0 = a
ya
1 (1+a)

v+ 2c+ic+jay e dy

. b?
(o) —_ —
KF fo xh_a_le (21+pc+v+2c‘+zc+])xadx —

h
KFbh—22l+pc+v+2c+ic+j)a

U b
Jo yTae™dy

a

[e0) —_ —
HFJ- h—a-1,—Ql+pctv+2c+ic+j)—g l

h

KFb—=CQl+pctv+2ctic+ja h

- P D r(-2+1)
a

By same way we can get:

. b2
(o] —_— -_— —
KM fo xh a-1,4 (2l+pc+v+2c+zc+z)xadx —

h

KMb"—4Q2u+pc+v+2c+ictz)a * h

- (@l r(-%+1)
a a

h
Y+ KM(Q2L+pe+ v+ 2¢ +ic+ z)a (25)

We use Eq(15) in the above equation to get the

form:

y
1 N
LF(y) =; fx_a [Fe—(l+pc+v+26+])x—a

—00

ba
_ Me—(l+pc+v+2¢+z)x—a] dx
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TR

y
NS
Lp(y) =—|F fx—ae—(l+pC+v+2c+,)x_adx

y "
M fx_ae—(l+pc+v+2c+z)x—adx

—00

Lett = (L +pc+v+2c+)) 2, ifx =0 =t =0,if
x=y=>t=(l+pc+v+2c+j)z—2=>dy=

b 1 _(+a)
—Z(l+pc+v+2c+j)at a dt
N
f_}’w x_ae—(l+pc+v+20+])x—adx _
b2 S
f(l+pc+v+26+j)x—a [b(21+pc+v+20+ic+j)u] et
o

1

ta
b 1 _(1+a)
;(l+pc+v+2c+j)ut a dt

1 b*

a x®

1 1 1
L:(y) = p [—Fbl_”Ba ' (—— -1, B—) + Mb'Aa 1r<

b bl—a

f}’ x_g_e—(l+pc+v+20+j)x—adx _ _ (l +pct v+
oo 2
1.0 2l 1
2o [ e
_ . ﬂ bl—a
J7 xce Bpetvi2etDage = — X (14 pc+ v +

a
N1 1 N
2c+j)a F(—;—l,(l+pc+v+26+1)x—a)

By same way find

bl—a

ba
f_}’oo x_g_e—(l+pc+v+20+z)x—adx _ (l +pc+ v+

a

1 a
2c+z)5_11"(—1—1,(l+pc+v+2c+z)b—a)
a X

)
- a et x@ (26)

WhereB= (I +pc+v+2c+))at,andA=(I+pc+v+2c+z)a’

2. Bonferroni Curve

The Bonferroni curve of a random variable x
is defined as [22]:
LF()’)

By substation Eq(7) and Eq(26) in above

equation we get:

@7)

‘B =
) Fuwr(x, ¢, k, a,b)
1 a 1 a
[—Fbl'“BE_lF (— 1 Bb—a> +Mp' AT (—— -~ 1,Ab—a)]
a X a X
BF(y) = b
ua (1 - Ee_x_“(Hpc))

3.8 Entropy

Entropy refers to the measurement of
disorder or randomness in a system. It is a
crucial metric for measuring uncertainty. Many
forms of entropy are valuable for assessing risk
and doing reliability analysis.

Entropy is commonly used concept in
fields,

econometrics, and financial mathematics. It

various including  engineering,
works as a method to measure the degree of
variance or uncertainty linked to a random

variable. The entropy of a random variable x,

as determined by its density function f(x),
determine the level of uncertainty inherent in
the data. Using entropy has gained importance
in various scientific and technical domains.

A. Rényi Entropy
The Rényi's Entropy of a random variable x

is defined as [20]:

1
Ix(8) ywrr = 1-s log f f(x,k,c,a,b)’dx
0

By substitution Eq(16) in above equation we

get:
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® z
1 7z b
Ip (8)HWFr = m log f x—6(a+1) E (_1)m (m) EM e—(6l+6pc+6v+620+6z—mz)xadx

bll

() wrr = SZ( 1)m F Mlog f x~0(arD) p=(Olkdpetdvedzesdz—mayg 4,

0
1
Lety = (61 + 6pc + 6v + 62¢ + 6z — mz) % = @ = L UPctvracts) (HPC;HZHZ) = x = b(&”p”‘gwfz”&_mz)a = dx =
ya

b 1 QG+

== (8l + 8pc + 6v + 62¢c + 6z —mz)ay @ dy

1o
(51+5pc+6v+62c+6z—mz) a *a 51+ 1
IR (&) hwrr = =5 Z( 1)m F Mlog abS@tD-1 f y Ydy

I (&) ywrr = ﬁ;(—l)m (;) F.M

1\, 1
(8L + 8pc + v + 62¢ + 67 — mz)(Ha)*a §—1
% log PrRCTENE r (6 + )

(28)

B. Arimoto Entropy 1

)
Arimoto  entropy is a quantitative A uwrr =75 U f(x.k.c.a,b)‘sdxl -1
0

measurement of the amount of information or
Form Eq(28) we get:

unpredictability in a given distribution. The
AEN measure is calculated using the following
equation [27]:
1\ 1
—(8l + Spc + 6v + 62c + 6z — mz)_5(1+5)+5 §—1
abd(a+1)—1 r (5 + )

f f(x,k,c,a,b)’dx =
0

L

_ o =8(145) 42 PN
8 [ (81+8pc+8v+62c+86z—mz) a aF(6+E)] 1

A(S)HWFT - 5 apSla+1)-1 (29)
Form EQq(29) we get:
C. Havrda and Charvat Entropy
1
® 5
HC(®) gwrr = 151 f flx, k,c, a,b)‘sdx] -1
0
1y,1 l
=5(145)+5 s
1 —(81+8pc+8v+82c+8z—mz) a)Ta 5-1
HO@ e = gy [P et (545 @

D. Tsallis Entropy

T(&) ywrr = 1- f f(x, k,c,a,b)’dx

6—1
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Form Eq(28) we get:

1y, 1
1 [, @L+8pc+6v+s2c+ 62— mz)~(+a)+a

T(5)HWF =

E. Estimation
The parameters of the HWFr distribution
are estimated using the maximum likelihood
estimation approach. We derive the log-

L(6,x) = anWFT(xl-, k,c,a,b)
i=1

pa

5—1 + abs(a+1)—1

r (5 + %) (32)

likelihood function for a random sample
X1, X2, ..., Xn. The distribution follows the pdf
of the HWFr distribution [28].

n " e—(i—;) Ja
L(6,x;) = 1_[ kc abax_(a+1)e_<x_a) —> —log <1 — e_(x_“>>
i=1

1- e_(x_“

*[_e<zZ>.wg(1_e<zZ>)]“:<

The log-likelihood function L is obtained as:

L =nlog(k) + nlog(c) + nlog(a) + anlog(b) — (a + 1) Z?=1§ + >, log le—_ba -

bll

_b%
log (1 —e Xf)
b\ 1€

By partially deriving the above equation

with respect to the distribution parameters

dL n n 0 avl
—=-- E —e *.log(1—e ™
ok k i=1

aL
a

b b? bt
§+ Y log <—e . log <1 —e xél)) — kX, [—e . log

ba

L _

da

g +nlog(h) — Y (a+ Db *Inb + Y (a+ )b *Inx; — Z’LLIW (c—

-k

+(c—-1)Xr, log (—e_g. log

xa

a
Xi

a
x9
1-e 71

b2 b
l1—e x(il)) —kYr, [—e x| log <1 - (31)

(32)

\T° e
1—e 5 In|—e ®.log|1-
)] [ 7 ( (33)

1 (34)

a —a
e *i.log| 1-e *i
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b* b*
| - <(—b“xl-_a Inb + bx;%Inx;)e xf) log (1 —e

a
b® -
=@ [ (=b®x*Inb+b%x; “Inx;)e * ¢
L
ba

—.a
1-e %

b [
1 ba lkc[—e . log 1—e t)] —((—baxi_“lnb+

elloglel

ba

. b B [ b inb b In)
— —a —a —a nb+b"x; “Inx;)e l
b®x %Inx;)e % |log (1 —e "i>+e % —

oL
ob

e “i.log

ba ba
e lx ap® 1log<1 e X

@ DI - - DI <l<

1-e i

s +
)

ba ba Cc
ke, [—e . log <1 —e xf)] 3
<e i log<

Solving the non-linear equations for
——0——0 and =0 gives the ML

da aay
estlmates of parameters «,f, and A
respectively. The solution could not be found
by analysis. It could only be found by
numerical methods. These methods use
software like R, MAPLE, SAS, and so on.

F. Simulation

Simulation is crucial in signal processing,
extreme analysis, and air temperature
adjustment. Signal processing uses simulation
to understand ultrasound data. Extreme
analysis, especially meteorological analyses,
uses simulation to evaluate extreme estimates
From diverse methodologies and data sets.
Simulation helps researchers understand their
domains' processes and features.

The performance of maximum likelihood
estimators (MLEs) for the HWFr distribution is

1el

")

evaluated through a Monte Carlo simulation
study using the R package. The sample sizes
considered in the study are n = 50, 100, and
150. We generate N = 1000 samples for the
true parameter values listed in Table 3. The
resulting MLEs for the model parameters are
averaged to obtain the mean values, and the
corresponding bias and root mean squared
errors (RMSEs) are calculated. The bias and
RMSE for a specific estimated parameter,
denoted as y, are given by:

Zil1 Vi L (i —v)?

N

The consistency of all estimators is shown
in Tables 3. As the sample size rises, the
average parameter estimations converge
towards the real parameter  values.
Furthermore, the mean square errors (MSES)
exhibit a reduction in magnitude as the sample
size grows.

bias(¥) = —Y, RMSE®}) =
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Table.3 outcomes of Monte Carlo simulations conducted for the HWFr distribution

(k=09,c=08a=11>b=13)

(k=0.7,c=05a=060b=0.8)

parameter Sample Size Mean RMSE bias Mean RMSE bias
50 0.60714 0.47951 0.29285 0.58857  0.4644665 0.1114224
k 100 0.67595 0.53024 0.22404 0.60008 0.40073458 0.0999193
150 0.74503 0.63774 0.15496 0.63818 0.50762186 0.0618101
50 0.34401 0.52795 0.45598 0.33991  0.2768812  0.1600838
c 100 0.39099 0.48609 0.40900 0.37414 0.28461204 0.1258505
150 0.45292 0.54761 0.34707 0.41679 0.27610623 0.0832081
50 1.70184 0.81451 0.60184 0.79486  0.3410188 0.1948696
a 100 1.63957 0.75850 0.53957 0.77444  0.3041937 0.1744471
150 1.60084 0.77071 0.50084 0.75570 0.30339292 0.1557019
50 1.25407 0.25562 0.04592 0.77792  0.1889598  0.0220720
b 100 1.28292 0.36158 0.01707 0.78832 0.21981466 0.0116768
150 1.28662 0.29772 0.01337 0.79734  0.1779633  0.0026533
(k=14,c=16,a=19b=14) (k=22,c=25a=23,b=28) |
parameter  Sample Size Mean RMSE bias Mean RMSE bias
50 1.16053 0.75538 0.23946 1.16168 1.38541 1.038319
k 100 1.16616 0.67009 0.23383 1.17747 1.284248 1.022526
150 1.36002 1.43215 0.03997 1.36623  1.9381993 0.8337618
50 0.66778 0.98079 0.93221 0.89638 1.810555  1.6036158
c 100 0.68082 0.95267 0.91917  1.09565 1.818058 1.404345
150 0.72448 1.11844 0.87551 1.12288 1.844467 1.377115
50 3.28018 1.84631 1.38018 4.84349  3.428097 2.543498
a 100 3.03768 1.38178 1.13768 4.41473 2.928998 2.114734
150 3.20670 1.65285 1.3067 4.27030  3.160557 1.970305
50 151742 054694 0.11742 2.44718 1.073885 0.3528194
b 100 150343 0.43736 0.10343 2.61179 0.6859866 0.1882019
150 1.46297 0.40087 0.06297 2.63100  0.850409  0.1689939

From table 3, we note that means
converge to true values of parameters as
sample as the sample size (nm) increases,
indicating the consistency of the estimations.
For example:

e For the first set (k = 0.9) the means
improve from 0.60714 (n =50) to
0.74503 (n = 150).

e For third set (a =1.9), the means
improve from 3.28018 (n =50) to
3.20670 (n = 150).

We note that skewness decreases with
increasing sample size, supporting the lack of
asymptotic bias. Also note that RMSE
generally decreases with increasing sample
size, confirming the efficiency of estimators.
Some estimators (such as c in first set) require
larger samples to converge better, as skewness
remains relatively high even at n=150.
Meanwhile, the estimators for the b parameter
are typically more accurate and less skewed
than others, as seen across all sets. The results
confirm that the MLE estimators for the HWF

distribution exhibit good properties such as
consistency and asymptotic unbiasedness,
especially with increasing sample size. This
supports the use of this method for estimating
distribution parameters in practical
applications. However, some parameters (such
as ¢ and a) may require larger samples to
achieve higher accuracy.

G. Application

We demonstrate a pragmatic implementation
using two sets of data. The efficacy of the
HWEFr distribution in accurately fitting data is
shown. The application showcases the benefits
of HWFr and its excellent compatibility with
the data. Table 4 presents a comparison
between HWFr and other distributions. This
process is performed on the used data.

This comparison employs eight metrics. The
two statistical measures used are the
Kolmogorov-Smirnov statistic (KS) and the
Anderson-Darling statistic (A). The Cramer-
von Mises statistic (W) and the HQIC, BIC,
AIC, and CAIC information criteria are also
considered. Additionally, it utilises the p-value
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obtained From the Kolmogorov-Smirnov test.
These metrics are often used to assess the
quality of fit.

Tables 5 and 6 show the HWFr distribution
that has the lowest values for AIC, CAIC, and
BIC. They are compared to the values of non-

overlapping distributions. Furthermore,
statistical tests such as the Anderson-Darling,
Watson, and Kolmogorov-Smirnov tests
demonstrate that the distribution of the HWFr
accurately matches the patterns seen in both
data | and data II.

Table.4 Comparative distributions

Distribution

CDF

Beta Fréchet distribution [20]

8 (e—(i—i), K, C)

Kumaraswamy Fréchet distribution (New)

[ ( )

Exponential Generalized Exponential Fréchet
distribution (New)

(o (f k)c

Log Gamma Fréchet

ba
1-T (clog(l—e x_“ ,

[0,1]Truncated Exponentiated Exponential
Fréchet (New)

(- <—>>

(1-e )

Fréchet distribution [24]

(%)

e The First Dataset |

The dataset used in this investigation
comprises the longevity of 72 guinea pigs. The
guinea pigs were afflicted with highly
infectious tubercle bacilli. Scientists quantify
the duration of survival in terms of days.

Bjerkedal [29] performed the first observation

and documentation of this dataset.

0.1, 0.33, 0.44, 0.56, 0.59, 0.59, 0.72, 0.74, 0.92, 0.93,
0.96, 1, 1, 1.02, 1.05, 1.07, 1.07, 1.08, 1.08, 1.08, 1.09,
1.12, 1.13, 1.15, 1.16, 1.2, 1.21, 1.22, 1.22, 1.24, 1.3,
1.34, 1.36, 1.39, 1.44, 1.46, 1.53, 1.59, 1.6, 1.63, 1.63,
1.68, 1.71, 1.72, 1.76, 1.83, 1.95, 1.96, 1.97, 2.02, 2.13,
2.15, 2.16, 2.22, 2.3, 2.31, 2.4, 2.45, 2.51, 2.53, 2.54,
2.54,2.78, 2.93, 3.27, 3.42, 3.47, 3.61, 4.02, 4.32, 4.58 ,
5.55

Var N Mean | SD Median Trimmed

Mad | Min | Max | Range | SK | KU Se

1 72 | 177 | 1.04 15 1.64

0.72 | 0.1 | 555 5.45 13 1183 ] 0.12

symmetric distribution

Frequency
0 5 10 15 20

Frequency
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negative skew

positive skew

Frequency
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0 1 2 3 4 5

Sample Quantiles
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Theoretical Quantiles

Sample Quantil
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!
o,
Sample Quantiles

Theoretical Quantiles
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Figure.3 Data | distribution and its QQ-plot
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Figure.4 Box plot for Data |

Table.5 Estimates of models for data |

(<5}

n_h.ﬂIM 0.3618078 | 0.0763555 | 0.137431 | 0.1262907 0 0.3102217 | 0.0066251
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Figure.5 Fitted densities for Data |
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e The Second Dataset Il

The remission times (in months) of 128

Empirical CDF for Fr
Figure.6 Empirical CDF for Data |
451, 4.87, 3.88, 4.18, 4.23, 4.26, 4.33, 4.34, 4.40, 4.50,
5.41, 5.49, 4.98, 5.06, 5.09, 5.17, 5.32, 5.32, 5.34, 5.41,
6.97, 7.09, 5.62, 5.71, 5.85, 6.25, 6.54, 6.76, 6.93, 6.94,
7.87, 7.93, 7.26, 7.28, 7.32, 7.39, 7.59, 7.62, 7.63, 7.66,

patients suffering From  bladder cancer. 9.74, 10.06, 8.26, 9.74, 10.06, 8.26, 9.74, 10.06,8.26,
Recently, the data set is used by [30],[31], the 9.74, 12.03, 12.07, 10.34, 10.66, 10.75, 11.25, 11.64,
data set values were: 11.79, 11.98, 12.02, 12.63, 13.11, 13.29, 13.80, 14.24,
008, 020, 040, 0050, 0.081, 0.090, 14.76, 14.77, 14.83, 15.96, 16.62, 17.12, 17.14, 17.36,

1.05, 119, 1.26,1.35, 1.40, 1.46, 18.10, 19.13, 20.28, 21.73, 22.69, 23.63, 25.74, 25.82,
176, 202, 202, 207, 209, 223, 226 26.31, 32.15, 34.26, 36.66, 43.01, 46.12, 79.05

2.46, 2.54, 2.62, 2.64, 2.69, 2.69, 2.75, 2.83, 2.87, 3.02,
3.70, 3.82, 3.25, 3.31, 3.36, 3.36, 3.48, 3.52, 3.57, 3.64,

Var N | Mean | SD | Median Trimmed Mad | Min | Max | Range | SK | KU Se
1 128 | 945 | 10.53 6.54 7.52 5.62 | 0.05 | 79.05 79 3.23 | 15.06 | 0.93
symmetric distribution positive skew negative skew
v = e @ o T T
Normal Q-Q Plot Normal Q-Q Plot Normal Q-Q Plot

i A ki

Sample Quantiles
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Sample Quantiles
-6 -4
o
2

Sample Quantiles

0o 2 4 6 4

-8
L

Theoretical Quantiles

60 80

20 40

0

Theoretical Quantiles Theoretical Quantiles

Figure.7 Data Il distribution and its QQ-plot
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Figure.8 Box plot for Data Il
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Table.6 Estimates of models for data 11
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4. Conclusion

The research introduced a novel continuous
distribution, namely the Hybrid Weibull
Frechet distribution, which is derived From the
Hybrid Weibull-G family. This distribution is

characterised by four characteristics. The
statistical properties of this distribution were
shown via practical application on two kinds of
actual data, showcasing the efficiency and
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adaptability of the novel distribution. The
values presented in Tables 5 and 6, as well as
Figures 5,6,9, and 10, depict the comparison
between the new distribution and various other
distributions, both new and established. This
comparison was conducted using information
standards and visual inspection. The results
confirm that the HWFr distribution aligns well
with the data, outperforming the other
distributions.
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